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Fig= 3 Results of Incompressible numerics! calculation (Ve= 0),
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Fig. 4 Contracting coefficient for compressible flow (or = 90 deg).
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The reference length L (or the scale factor) is adjusted such
that Yt is unity (Fig. 1). This is accomplished by integrating
Eq. (3) from point C first along the constant 0 line to any
intermediate velocity value and subsequently along the
constant velocity line as shown by the dotted line in Fig. 2
until the horizontal axis in the physical plane is reached. The
asymptotic height of the jet and the contracting coefficient
can be obtained by calculating the freejet boundary starting
from point C. It should be remarked that the final asymptotic
state occurs only when x appraoches infinity. This may be
observed from the fact that \j/v approaches infinity at the
asymptotic state D, However, sind ^F approaches zero at this
state so that a finite contracting coefficient results as it
should.

Figure 3 shows the contracting coefficient for in-
compressible flow with negligible approaching flow velocity.
The agreement with the exact solution, generally within a

fraction of 1% indicates the merit of these calculations.
Figure 4 presents the contracting coefficient for compressible
flow discharging from an orifice .(a = 90 deg) for Va/V^ =0
and 0.4, Busemann's original results for Va/V^-(j from
tangent gas approximation are also shown in the same figure.
Results for any angle a. with different approaching flow
velocities can easily be produced. With a relaxation factor of
1.25, one typical set of complete flow calculation takes 0.5 s
on the CYBER 175 computing system.

For high-pressure ratios such that the freejet flow is
supersonic, additional calculations based on the method of
characteristics as suggested by Brown3 may be performed to
produce the downstream freejet flowfield and the isoclines
obtained from sonic outflow conditions may be employed for
these calculations. It is believed that compressible How
calculations for nonsymmetric configurations such as that
studied by von Mises for incompressible flow can also be
performed by the present scheme of calculations.
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= specific heat at constant pressure
= total enthalpy ', H*/(U*> ) 2
- shape factor in longitudinal direction, hi =

= shape factor in transverse direction, H3 = r
(l+K Tycos6BL ) /cosBBT

- freestream Mach number
= pressure, p*/[p* (t/£)2]
= heat transfer, 0*/(pi (£/£ ) 3]
= nondimensional axisymmetric radius measured to
a point on the body surface, r*/R*

- body nose radius of curvature
= freestream Reynolds number based on jR*
= surface distance coordinate measured along the
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= Stanton number, qw/ (H& —Hw)
= temperature, rV[C/i)2/CJl
= streamwise velocity component tangent to body

surface, «*/£/£,
= velocity component normal to body surface,

= transverse velocity component tangent to body
surface, 'w*/U&

= coordinate measured normal to the body, y*/R*
= ratio of specific heats
= perturbation parameter, {/**[((/£,)2/

P
T*

Superscript

Subscripts
i
j
k

sh
oo
MN
C

. = longitudinal nondimensional surface curvature
= transverse nondimensional surface curvature
^coefficient of viscosity, jiVji *[(£/£) 2/C*]
= body angle, longitudinal direction
= angle between the body tangent and a line normal

to the radius (zero for axisymmetric bodies)
- transverse or crossflow direction
= density, p*/p£
= shear stress

t
- dimensional quantities

= grid-point counter in $ direction
= grid-point counter in y direction
= grid-point counter in <j> direction
= wall value
= value behind the bow shock wave
= freestream condition
= normal momentum equation
= continuity equation

Introduction

SOLUTIONS to the viscous shock-layer (VSL) set of
equations have been plagued with a major difficulty since

the technique was developed by Da vis.1 To obtain solutions,
the traditional approach has been to solve each equation
separately—a method known as the cascading scheme.2"4 Few
problems have been encountered in finding solutions to the
energy and tangential momentum equations since they are
second-order parabolic equations. The greatest difficulty has
always existed in solving the two first-order equations for
continuity and normal momentum. Instabilities introduced by
these two equations, which grow in the streamwise direction,
have prevented researchers from obtaining solutions far
downstream on geometries such as spheres. Until now the
method used to obtain solutions further along the body has
been relaxation. However, this method fails at a point where
instabilities require weighting factors (weighting a fraction of
the previous iteration with the current iteration) to closely
approach unity (e.g., factors of 0.99 have been used in some
applications discussed in Ref. 5). An alternative to the
cascading scheme is to couple the solution of the equations. A
fully coupled system of all equations would require inversion
of large matrices and, hence, would increase the storage

requirements and computation time. A more desirable
alternative is to couple only the first-order equations. This
procedure will directly eliminate the instability problem and,
since the method lends itself to solution by the Thomas
Algorithm, the technique will not increase storage
requirements nor computation time.

Analysis
The complete, per feet -gas viscous shock-layer equations

and a description of the general technique for solving the two-
dimensional and axisymmetric flow equations may be found
in Ref. 1. Of primary interest to this study are the three-
dimensional continuity and normal momentum equations.
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The unknowns to be obtained from the solution of this
coupled set are pressure p and normal velocity y. To do this, it
is necessary to eliminate the density through use of the
equation of state. The equations could be written in terms of
the density, but for a very cold wall density gradients are large
and boundary conditions become a problem. Therefore, this
study has found pressure to be a more desirable solution
variable. The resulting equations in terms of/? and v are

pu pv dv
~T~3y

pw dv pu2

dy

dppw2 dh3 j — 1
Th3 dy y dy

= 0

To solve the coupled first-order equations, it is necessary to
write these equations in a finite-difference form. Derivatives
are expressed as follows:

dW

where Wispoi v.
Note that in the interest of clarity the subscript k will be

eliminated from the finite difference equations to follow,
Since a box scheme is to be used, each equation must be
written at both (/+ !/2 ) and (/— ̂  ) ° The result is a set of four
equations to be solved simultaneously, having the form:

aNM,j+ 'A vi,j >/2 ViJ + CNMJ+ tiPi,]
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acj_ l _ i + cc_ 1/2pjj + dc_cj_
(4)

To solve this set of equations, we first eliminate vu+1 from
Eqs. (1 and 2), yielding:

(5)

where

£/ = aCJ+ >/2 &NMJ + '/2 ~~ aNMJ+ >/2

^2 = aC,j+ l/2 CNM,j + l/2 ~~ aNMJ + '/2 CCJ+ Y2

k3 = acj + i/2 dNM,j + >/2~ aNMJ + '/2 dcj -f 'A

k4 = acj + i/2 eNMj + '/2~ aNMj +i/2ecj+ 1/2

Similarly, we eliminate Vjj_ / from Eqs. (3 and 4), yielding:

k5 vij + fc6pij + k7ptj_ ;=k8 (6)

where
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We now eliminate v^j from Eqs. (5 and 6), yielding:

Apu+I+Bpu + Cpu_1=D

where

A = k5k2 C= -ktk7

B=k^k3—k/k6 D = k5k4 — kik8

The resulting equation may be solved straightforwardly, using
the Thomas Algorithm, to write

Pij=EpjPij-i+FPj
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Fig. 1 Surface pressure distributions over a sphere under laminar
hypersonic cold-wall conditions.

where

Fpj^(D-CFpj_1)/(CEpJ_l+B)

This procedure may be repeated to yield vitj by eliminating the
pressure rather than the normal velocity.

Results and Discussion
The coupling technique presented here has been successfully

implemented in a perfect-gas viscous shock-layer code. The
second-order parabolic equations are solved separately, and
their solutions are combined with the coupled technique. This
has added a great deal of stability to the solution procedure.
Previous attempts to obtain solutions on a sphere using the
cascading approach failed near 5 = 1.1. Use of the coupling
technique has permitted solutions which approach separation
to be obtained on the back side /of the sphere without a
noticeable increase in computing time per iteration.

For the purpose of this study we consider a sphere placed in
a flow at Mach 13.41. The case is low density (ReooRn = 1515)
with an extremely cold wall (TW/T0 = 0.073). Results include
surface pressure distribution, shock standoff distance, skin
friction, and wall heat-transfer coefficient data. For com-
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Fig. 2 Shock-layer thickness over a sphere at Mach 13.41 under
laminar hypersonic cold-wall conditons.
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Fig. 3 Skin-friction and heat-transfer distributions over a sphere at
laminar hypersonic cold-wall conditions.
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parison purposes, both inviscid and parabolized Navier-
Stokes (PNS) solutions are also shown. Since the PNS
solution procedure cannot be used in the subsonic region near
the forward stagnation point, the PNS solution was started
with the VSL solution at 5= 1.04, where the Mach number in
the outer, nearly inviscid region was supersonic. Figure 1
gives the pressure distributions from each solution.
Agreement between the shock layer and PNS is very good.
Figure 2 shows the predicted shock standoff distance. Again,
agreement is very good except far downstream on the sphere
where the shock-layer thickness grows extremely rapidly.
Finally, Fig. 3 presents the skin-friction and wall heat-transfer
distributions which also are in excellent agreement.

The results of this study indicate that coupling of the two
first-order equations provides substantial improvement in
both solution capability and quality over the cascading ap-
proach while retaining the advantage of shorter computing
time over the fully coupled system. For the case treated here,
the complete VSL solution 0<s-<2.3 required 3.00 minutes,
and the PNS solution in the range 1.04 <s<2.6 required 30.0
minutes for both solutions on an IBM 370/158 computer.

Where applicable, the VSL technique provides excellent
predictions in substantially less computing time than the PNS
requires.
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